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abstract
The following issue is raised and discussed; when do families of foliations by hypersurfaces
on a given four dimensional manifold without further structure, become the null surfaces of some
unknown, but to be determined, metric gab(x). Explicit conditions for these surfaces are found, so that
they do define a unique conformal metric with the surfaces themselves being characteristics of that
metric. By giving an additional function (to be the conformal factor) full knowledge of the metric is
determined.
It is clear from these results that one can use these surfaces (and the conformal factor) as




As often been pointed out, the geometric character of general relativity (GR) makes it
unique among physically relevant field theories. The fact, however, that the geometry is
described by a field (the metric) and its derivatives (e.g., the Riemann tensor) has led many
to believe that gab(x) is just another local field, and GR just another local field theory where
one could apply classical and quantum methods that are successful in Maxwell, Yang-Mills,
etc. theories.
We feel that a clear distinction between GR and other theories can be made. Only in
GR do null surfaces play a dynamical role in the theory. Null surfaces, which are important
for any hyperbolic equation (since, for example, they determine the domain of dependence),
become, in GR, a fundamental ingredient of the theory. They can only be determined when
the metric is given - but the metric is not known until the field (differential) equations are
solved. Thus, when solving the field equations of GR, one is, in some sense, simultaneously
finding both the null surfaces of the theory and the space-time metric - though of course, one
only “sees” the metric in the field equations. If one could consider null surfaces as the basic
variable of the theory - with the metric a derived quantity - one would have, in principle, the
clear distinction between GR and field theories since none of them can be formulated in such
a manner.
It is the purpose of this note to explore the local kinematic equivalence between
families of null surfaces and the (conformal) metric of the space-time. (This issue has arisen
in the past, from a different (global) point of view.1,2) The study of the dynamics3,4 will be
presented elsewhere, not only because it introduces complexities but also because we would
like to focus and thoroughly analyze the conditions that must be imposed on families of
surfaces so that they yield a unique (conformal) metric gab(x).
To be more precise we will discuss the following issue: We begin with a four
dimensional manifold, M, with no further structure and then raise the question of when can
arbitrary families of 3-surfaces (local foliations) on M, be considered as collections (or
3families) of null surface foliations for some unknown, but to be determined, conformal
metric. If there are N independent foliations of M by 3-surfaces, with each leaf of each
foliation described by
uA = constant = ZA(xa) ,
A = 1...N, with local coordinates xa, then the condition for nullity is that there exists a
conformal metric gab(xa) such that the N equations
gab(xa) FA(ab) ≡ gab(xa) #a ZA# bZA = 0 (1)
are satisfied for each A.
It is easily seen that for N ≤ 9 there is enough freedom in (1) to choose (or find) a
conformal metric so that ZA(x) are all null surfaces with respect to that metric. If N = 9 then
the conformal metric is algebraically determined by (1) assuming that the matrix FAab has
rank 9. If N > 9 then there must be conditions placed on the ZA(xa) or more specifically on
the FA(ab) ≡ #a ZA# bZA.
We are actually interested in the slight generalization of this problem where the discrete
index A is replaced by a pair of continuous variables z and z* that take values in an open
neighborhood D of R2. {Our eventual interest and application however will be to the case
where z and z* lie on S2. The reason for interest in this case is that the S2 represents a
sphere’s worth of null surfaces through any point and thus define the local light-cones.}
We thus begin with a foliation or family of 3-surfaces, u = constant = Z(xa), in M and
its immediate generalization to a collection of such families
u = constant = Z(z, z*, xa) (2)
with each family selected by a point in D, i.e., by a value of (z,z*). The condition that the
surfaces Z(z, z*, xa) = constant are null for some metric is therefore
gab(xa) #a Z# bZ = 0 (3)
for all values of (z,z*). Our problem is to find what conditions are to be imposed on Z(z, z*,
xa) by (3) and what can be said about the conformal metric. After solving this problem we
4easily see that introducing an additional scalar, namely the conformal factor, allows us to
determine the full Lorentzian metric.
In the next section we will show that Eq.(3) determines two explicit differential
conditions on Z and furthermore uniquely defines a conformal metric. The two conditions
will be referred to as the metricity conditions.
2. The Conformal Metric and the Metricity Conditions
Our basic strategy will be to consider a large number (the number to be determined
shortly) of parameter derivatives of the null condition, (3), and then, by the manipulation of
these derivatives, obtain both the conformal metric and the metricity conditions.
Before doing so, we introduce our notation. There will be two types of differentiation;
one with respect to the space-time coordinates xa, denoted by #a, ∂a or simply "comma a”,
the other is with respect to the parameters z and z*, denoted by ∂  and ∂*. From the
assumed existence of u = Z(z, z*, xa), three additional scalar functions of z, z*, xa, can be
defined; namely w = ∂ Z,   w* = ∂*Z and R = ∂∂*Z .  We denote these four parametrized
scalars by
θi(z, z*, xa) = {θ0, θ+, θ-, θ1} = { u, w, w*, R} = {Z, ∂   Z,  ∂*Z, ∂∂*Z }. (4)
Also of considerable importance are the two scalars, λ and λ* defined by
λ(z, z*, xa) ≡   ∂2Z and λ*(z, z*, xa) ≡  ∂*2Z . (5)
From the four scalars θi, we have, what we will refer to as the, [(z, z*) dependent] gradient
basis
θi,a = #a θi = {Z,a , ∂  Z,a ,  ∂*Z,a , ∂∂*Z,a }. (6)
and its dual vector basis θia , so that
θia θj,a = ¶ij , θia θi,b = ¶ba . (7)
We assume that the u = Z(z, z*, xa) is sufficiently generic so that the θi,a are independent.
The gradient of any scalar Φ can be decomposed into either the coordinate or gradient
basis by
#aΦ = Φ,a = Φiθi,a or Φi = Φ,a θia (8)
5and in particular we have
λ,a = λiθi,a or λi = λ,a θia (9)
We now notice that it is easier to search for the components of the conformal metric
in the gradient basis rather than in the original coordinate basis -- also it is preferable to use
the contravariant components rather than the covariant components of the metric, i.e., we are
interested in
gij(z, z*, xa) ≡ gab θi,aθj,b (10)
or explicitly
g00 = gab Z,a Z,b ,
g0+= gab Z,a ∂  Z,b , g0- = gab Z,a∂ *Z,b , g01 = gab Z,a∂∂ *Z,b
g++= gab ∂ Z,a ∂ Z,b , g+- = gab ∂ Z,a∂*Z,b , g+1 = gab ∂ Z,a∂∂*Z,b
g-- = gab ∂*Z,a∂*Z,b , g-1 = gab ∂*Z,a∂∂*Z,b
g11 = gab ∂∂*Z,a∂∂*Z,b (11)
If the gij can be found then it is a trivial task to reconstruct the gab by
gab = gij θiaθjb. (12)
Returning to the gradient basis, it is easy to see that they satisfy the following pair of
relationships, which follow directly from applying the parameter derivatives to their
definitions, θia = (Za, ∂ Za, ∂*Za, ∂∂*Za), namely
∂θia = Tijθja (13a)
and
∂*θia = T'ijθja . (13b)
Most of the T's are trivial, with
6T0j = ¶j+ , T+j = λj, T-j = ¶j1 (14a)
T*0j = ¶j- , T*+j = ¶j1, T*-j = λ*j .
The T1i and T*1j are longer but are still explicit functions of λ j and λ*j,
T1j = (∂*λj + λ0¶j- + λ+¶j1 + λ-λ*j) + λ1(∂λ*j + λ*0¶j++ λ*-¶j1 + λ*+λj) (14b)
T*1j = (∂λ*j+ λ*0¶j++ λ*+¶j1 +λ*+λj) + λ*1(∂*λj + λ0¶j- + λ+¶j1 + λ-λ*j). (14c)
The T1j and T*1j can be obtained in the following manner: From
∂θ1a = T1jθja
we have, using θ1a = ∂*∂Za ,
 ∂∂*∂Za = ∂*∂∂Za = ∂*λa = ∂*(λiθia) = (∂*λi)θia + (∂*θia )λi
or
(∂*λi)θia + λiT*ij θia = T1iθia
and doing likewise with the conjugate version
∂*θ1a = T*1iθia ,
we have two linear algebraic equations for T1j and T*1j which when solved yield (14b&c).
For later use we look at the formal integrability conditions on the pair (13a) and
(13b). We have that
(∂*∂  − ∂∂*)θia = 0
implies that
∂*Tij − ∂ T*ij + TikT*kj − T*ikTkj = 0. (15)
When i = 0, (15) is trivially satisfied, and when i = + and -, Eq.(15) is equivalent to the
definitions, (14b&c), of T1j and T*1j. Only when i = 1 is (15) non-trivial. It becomes after
some manipulation
∂2λ*,a = ∂*2λ, a (16a)
or after integration    
      ∂2λ* = ∂*2λ . (16b)
Using the definition, (5), of λ  and λ* , we see that (16) is also an identity but now not quite
as trivial as it is for the other terms. We will return to this issue later in a different context.
7Our starting assumption was that, from Z, Eq.(3) was going to define a (conformal)
metric, gab(xa) uniquely up to an overall scale factor which is a function only of xa. Note
though, that gij does depend on z and z* via the transformation to the gradient basis.
(Though we will not use it, there is a possible generalization, allowing the scale factor to
depend on z and z*, as well as on xa. Lionel Mason5, in related work, allows for this possi-
bility.) From this we immediately have that
∂ gab = 0 , ∂ *gab = 0 . (17)
By applying ∂ and ∂* to Eq.(10) and using (13) and (17) we have the important set of
relations
∂ gij = gikTjk+ gjkTik (18a)
∂*gij = gikT*jk+ gjkT*ik . (18b)
Eqs. (18) say that the existence of the gij(z, z*, xa) is equivalent to the existence of the
gab(xa) but expressed in the gradient basis. From (3) and (18) we will obtain the conformal
metric and metricity conditions.
The first thing we point out is that the integrability conditions on the pair (18),
namely
gj(k{∂*Ti)j - ∂ T*i)j + Ti)mT*mj - T*i)mTmj} = 0 (19)
are satisfied when the integrability conditions (15) are satisfied. Also, since the gij can be
chosen arbitrarily at any point in the z, z* plane, the converse is true, i.e., (19) implies (15).
Since (15) is identically satisfied by virtue of the form of the T's, we can always find
solutions to (18) for any function Z. The problem however is that we want to find solutions
with the further condition that (3) is satisfied, i.e., with
g00 ≡ gab(xa) Z,a Z,b = 0, (20)
the vanishing of one of the nine components (in the gradient basis) of the conformal metric.
The remaining eight components are obtained by using (20) in (18).
From (18), we immediately see, when i = j = 0, using the T’s from (14) [or directly
from (11)] that
8g0+ ≡ gab Z,a ∂  Z,b = ª∂  g00 = 0 (21a)
and
g0- ≡ gab Z,a ∂ * Z,b = ª∂ *g00 = 0 (21b)
This procedure of taking ∂ and ∂* derivatives, can be continued, either using (18) or applied
directly to the definitions of both g0+=0 and g0-= 0.
We thus have
∂ g0+=∂ (gab Z,a ∂ Z,b) = gab ∂ Z,a ∂ Z,b + gab Z,a ∂  2 Z,b = g++ + gab Z,a λ  ,b = 0.
Hence, using (9), (20) and (21),
g++ = - g01 λ1 (22a)
In a like manner, from ∂*g0- = 0, we have
g-- = - g01 λ*1 . (22b)
We have determined two further metric components. Continuing with the opposite pairs of
derivatives leads to
∂*g0+ =  g01 + g-+ = 0 and ∂ g0- =  g01 + g-+ = 0 .
Two different components of (18) both yield the same relationship
g-+ = - g01. (23)
We thus have discovered that some of the components of (18) (with (3)) determine some of
the gij but others are redundant or are identities.
The question then is what is the information and what are the conditions on Z that can
be obtained from the twenty components of (18) with condition (3)?
At this point we already know {g00, g+0, g-0, g+-, g++, g-- } explicitly up to
multiplication by g01. If g++ and g-- are put into (18), we obtain four equations, two are
expressions for g+1 and g-1, again with g01 as a factor,- plus two other relations (that become
the metricity conditions). Finally if the same is done with either g+1 or g-1, then g11 is
found up to a multiple of g01. We thus have constructed the entire conformal metric
expressed as derivatives of Z, with g01 ≡ Ω2 as the conformal factor and in the process used
9up eight of the twenty equations (18). The question is: what are the other twelve relations? In
going thru the calculations in detail it becomes clear that there are four obvious identities:
(∂*g0+ − ∂ g0-) ≡ 0,
(∂*g++ + g0iλ i − ∂ g-- − g0iλ*i) ≡ 0, ∂*(g+- + g10) - (∂ g-- − g1iλi) ≡ 0 , (24)
(∂*g+1 + g-iλi) − (∂ g-1 − g+iλ*i) ≡ 0.
That they are identities follows from the integrability conditions
(∂*∂ − ∂∂*) gij ≡ 0
applied to (g00, g0+, g0-, g-+). We have then accounted for twelve of the twenty equations. It
turns out, on careful analysis of the remaining eight, that there are:
1. two conditions on derivatives of  Z, (the metricity conditions);
∂ g++ = 2g+kλ k and ∂*g-- = 2g-kλ*k , (25)
where the explicit gij dependence on the λ (= ∂2Z) and λ* (= ∂ *2 Z) is used.
2. two conditions on the parameter dependence of g01 or Ω, that follow from the ∂ g01 and
∂*g01 equations;
∂ Ω = ªW(λ, λ*)Ω   and ∂*Ω = ªW*(λ, λ*)Ω       (26a)
with
  W(1− ¢λ1 λ*1) = − ( ª∂*λ1 − T11} − λ1{ ª∂λ*1 − T*11}) (26b)
W*(1− ¢λ1 λ*1) = − ( ª∂λ*1 − T*11} − λ*1{ ª∂*λ1 − T11})
(Note that (26a) allows the multiplicative freedom of a function of xa.)
3. four further identities, when (25) and (26) are used;
∂ g1+ = g1kT+k + g+kT1k , ∂  g11 = 2g1kT1k
∂*g1- = g1kT*-k + g-kT*1k , ∂*g11 = 2g1kT*1k (27).
To better understand why the above conditions are really identities it is useful to construct
the following “diamond” diagram with the different levels. Each level number corresponds to
the number of derivatives taken on the first metric component, g00:
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Level; components “diamond”
#0;  g00:  g00 = 0
∂ * ∂ 
#1;  g0-, g0+: ∂ *g00 = 0, ∂ g00 = 0
∂* ∂          ∂* ∂ 
#2; g--, g-+, g++: ∂*2g00 = 0, ∂∂ *g00 = 0, ∂ 2g00 = 0
∂* ∂    ∂* ∂      ∂* ∂     
#3; g-1, g+1:     ∴Ξ(∂*3g00 = 0), ∂∂  *2g00 = 0, ∂ *∂2g00 = 0, \X(∂3g00 = 0)
∂   ∂* ∂      ∂*  ∂     ∂*
#4; g11: • ∂∂*3g00 = 0, ∂ 2∂ *2g00 = 0, • ∂ *∂3g00 = 0,
∂      ∂*  ∂      ∂*  
#5 •  ∂2∂*3g00 = 0, •  ∂*2∂3g00 = 0,
∂              ∂*      
#6                    • ∂3*∂3g00 = 0, 
Fig. 1: Diamond Diagram; the boxed equations are the metricity conditions;
the •   indicates identities; two routes to the same point yield identities.
Level 1. Applying ∂ and ∂* to g00 = 0 yield two new components, g0+ and g0-.
Level 2. Two out of the four possible equations obtained from level one are the same due to
the integrability conditions on ∂*∂g00 = 0. The three independent equations yield the metric
components, g++, g+- and g-+.
Level 3. Again, among the six resulting equations, the integrability conditions on g0+ and g0-
yield two redundant equations. The independent equations determine the two metric
components g+1 and
g-1 and the two metricity equations (boxed).
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Level 4. Applying ∂ and ∂* to the metricity conditions does not give anything new. On the
other hand, using the integrability conditions on g++, g-- and g+- one shows that the one non-
trivial remaining equation determines g11.
Level 5. Applying ∂ and ∂* to g11 yields identities via the integrability conditions on g-1 and
g+1.
Level 6. This is trivial since it just involves ∂ and ∂* applied to identities.
The full form for the (conformal) metric as well as the conditions (25) and (26) are
given below.
g00 = 0, g01 = Ω2, g0+ = g0- = 0, (28)
g11 = Ω2(∂*{W + T11} + W*{W +T11} − g+-T1- − g++T1+ − g+1T11)
g1+ = Ω2{W + T11} , g1- = Ω2{W* + T*11}
g++ = − Ω2λ1 , g+- = − Ω2, g-- = − Ω2λ*1
∂ λ1 − 2λ- + λ1{3W − 2 λ+ − 2T11} = 0 . (29)
Since both W and T are explicit functions of λ and λ*,  which are simply the second
parameter derivatives of Z, Eq. (29) and its conjugate are differential equations for Z in the
six variables (xa, z, z*). When a Z(xa, z, z*) is known then its use in (28) together with a
solution of (26a) yields a unique metric gab(x).
Since we have the metric gab = gab(Z,Ω), from (12) and (28), it is possible, via a
straightforward calculation to obtain the Christoffel symbols and the curvature tensor in
terms of the Z (or λ, λ*) and Ω. There is however a much more elegant and simple way to
do it by using the optical equations of the spin-coefficient formalism which will be exploited
in a forthcoming paper.
3. Conclusion
We have demonstrated that in a four-manifold M, a Lorentzian metric, (28), is
equivalent to a family of foliations of M (depending on the two parameters z and z* --
described by u = Z(z, z*, xa)) that satisfies (29) and a conformal factor Ω(z, z*, xa)  that
satisfies (26). In other words to one could replace the metric gab(x) by Z(z, z*, xa) and Ω(z,
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z*, xa) as basic  geometric variables for a Lorentzian space-time. An immediate question
arises: Can one reformulate the Einstein equations of General Relativity in terms of these
new variables in any simple or natural fashion? The answer, which is yes, will be described
elsewhere.
There is another version of the work presented here that has a series of associated
subtle problems. The issue is to be able to reformulated all our equations in a slightly
different fashion -- where, instead of the local coordinates xa we would use the four scalar
fields as coordinates,
θi = θi(z, z*, xa),
thus having a family of coordinate system parametrized by z and z* ; i.e., a family of
coordinate system intrinsically tied to the family of foliations. There would be some sort of
boot-strap process, whereby the coordinate systems would be defined by the null surfaces, u
= Z(z, z*, xa) but where the equations that the null surfaces satisfied were given in terms of
the surfaces themselves. The equations would have to be given in a form that did not depend
on xa. It is perhaps surprising, but this program can be carried out completely and explicitly.
The main difference between this second point of view and that developed here, is that in the
present view Z is the basic variable while in the second point of view, Z is an auxiliary
variable while the λ and λ* are the basic variables. This has the effect of simplifying the
equations by lowering the order of differentiation but requires that we add integrability
conditions on the λ and λ* (see (5)) so that a Z does exist, i.e., we must include in our system
Eq.(16b). This work is reported on elsewhere.
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